On hyperspherical associated Legendre functions: the extension of
  spherical harmonics to $N$ dimensions by Campos, L. M. B. C. & Silva, M. J. S.
ar
X
iv
:2
00
5.
09
60
3v
1 
 [m
ath
-p
h]
  1
9 M
ay
 20
20
✐
✐
“ms” — 2020/5/20 — 1:09 — page 0 — #1
✐
✐
✐
✐
✐
✐
On hyperspherical associated Legendre
functions: the extension of spherical
harmonics to N dimensions
L. M. B. C. Campos and M. J. S. Silva
The solution in hyperspherical coordinates for N dimensions is
given for a general class of partial differential equations of mathe-
matical physics including the Laplace, wave, heat and Helmholtz,
Schrödinger, Klein-Gordon and telegraph equations and their com-
binations. The starting point is the Laplacian operator specified by
the scale factors of hyperspherical coordinates. The general equa-
tion of mathematical physics is solved by separation of variables
leading to the dependencies: (i) on time by the usual exponential
function; (ii) on longitude by the usual sinusoidal function; (iii) on
radius by Bessel functions of order generally distinct from cylindri-
cal or spherical Bessel functions; (iv) on one latitude by associated
Legendre functions; (v) on the remaining latitudes by an exten-
sion, namely the hyperspherical associated Legendre functions. The
original associated Legendre functions are a particular case of the
Gaussian hypergeometric functions, and the hyperspherical associ-
ated Legendre functions are also a more general particular case of
the Gaussian hypergeometric functions so that it is not necessary
to consider extended Gaussian hypergeometric functions.
1. Introduction
One of the classical problems of analysis, with a multitude of physical appli-
cations in fluids [1], solids [2], electromagnetism [3], acoustics [4] and quan-
tum mechanics [5], is the solution of the Laplace and related equations in
terms of spherical harmonics [6–10]. The present paper considers the ex-
tension to N dimensions using hyperspherical coordinates, consisting of one
radial distance, one longitude and N − 2 latitudes (section 2); the transfor-
mation from N -dimensional Cartesian coordinates (subsection 2.1) proves
that hyperspherical coordinates form an orthogonal curvilinear system, and
the scale factors (subsection 2.2) specify the Laplace operator (subsection
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2.3). The latter is used in a generic equation of mathematical physics (sec-
tion 3) combining the Laplace, wave, heat, Helmholtz, Schrödinger, Klein-
Gordon and telegraph equations (subsection 3.1). The solution by separation
of variables (subsection 3.2) leads to the usual exponential dependence on
time and sinusoidal dependence on longitude, and: (i) the radial dependence
involves Bessel functions, generally of order distinct from cylindrical and
spherical Bessel functions (subsection 3.3); (ii) only one latitudinal depen-
dence is specified by associated Legendre functions, and all others involve
a generalization, namely the hyperspherical associated Legendre functions
(section 4). The latter (subsection 4.1) first appears when using hyperspher-
ical harmonics in four dimensions (subsection 4.2), and one more arise in the
general solution of the generic equation of mathematical physics in hyper-
spherical coordinates for higher dimensions (subsection 4.3).
Thus the main new feature (section 5) is the introduction of hyperspher-
ical associated Legendre functions (subsection 5.1) which, although more
general than the original associated Legendre functions (subsection 5.2), are
also reducible to the Gaussian hypergeometric functions [6, 8, 10–15] (sub-
section 5.3); thus they do not require further generalization (section 6), for
example to the extended Gaussian hypergeometric functions [16, 17]. The
hyperspherical associated Legendre functions introduced in the present pa-
per generalize not only the associated Legendre functions [7, 9], but also the
hyperspherical Legendre functions [18].
2. Hyperspherical coordinates as a curvilinear orthogonal
system in N dimensions
The relation between hyperspherical and Cartesian coordinates in N dimen-
sions (subsection 2.1) specifies the base vectors and hence the metric tensors
(subsection 2.2), proving it is an orthogonal curvilinear system. The scale
factors can be used to specify the invariant differential operators in hyper-
spherical coordinates, such as the Laplacian (subsection 2.3).
2.1. Transformations between hyperspherical and Cartesian
coordinates
The hyperspherical coordinates in N dimensions are defined by the relation
with the Cartesian coordinates as a generalization of polar and spherical
coordinates. All are orthogonal coordinate systems with straightforward in-
version.
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The hyperspherical coordinates are an N -dimensional generalization of
spherical coordinates with one radius, 0 ≤ r <∞, one longitude, 0 ≤ φ ≤ 2pi,
and N − 2 latitudes, 0 ≤ θ1, . . . , θN−2 ≤ pi, defined by the transformation to
Cartesian coordinates in N dimensions:
x1 = r cos θ1,
x2 = r sin θ1 cos θ2,
x3 = r sin θ1 sin θ2 cos θ3,
...
xn = r sin θ1 sin θ2 . . . sin θn−1 cos θn,
...
xN−2 = r sin θ1 sin θ2 . . . sin θN−3 cos θN−2,
xN−1 = r sin θ1 sin θ2 . . . sin θN−2 cosφ,
xN = r sin θ1 sin θ2 . . . sin θN−2 sinφ.
(2.1)
In two dimensions, N = 2, this corresponds to the transformation from
polar coordinates (r, φ) to Cartesian coordinates with x1 ≡ x and x2 ≡ y; in
three dimensions, N = 3, it corresponds to the transformation from spherical
(r, θ, φ) to Cartesian coordinates with x1 ≡ z along the polar axis, and with
x2 ≡ x and x3 ≡ y transversely. In N dimensions, the radius r and longitude
φ remain, and more latitudes θ1, . . . , θN−2 are introduced. The name hyper-
spherical coordinates arises because the first coordinate hypersurface is an
hypersphere.
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The coordinate transformation inverse to (2.1), that is, fromN -dimensional
Cartesian to hyperspherical coordinates, is
(2.2)
r =
∣∣∣(x1)2 + (x2)2 + . . .+ (xN )2∣∣∣1/2 ,
cot θ1 = x1
∣∣∣(x2)2 + . . .+ (xN )2∣∣∣−1/2 ,
cot θ2 = x2
∣∣∣(x3)2 + . . .+ (xN )2∣∣∣−1/2 ,
...
cot θn = xn
∣∣∣(xn+1)2 + . . .+ (xN )2∣∣∣−1/2 ,
...
cot θN−2 = xN−2
∣∣∣(xN−1)2 + (xN )2∣∣∣−1/2 ,
cotφ =
xN−1
xN
where the radius is evaluated through the first equation of (2.2) and the
circular cotangent was used in all others equations of (2.2). The coordinate
hypersurface r = const is an hypersphere of radius r.
It would be possible to specify the transformation from N -dimensional
Cartesian to hyperspherical coordinates using in (2.2) instead of the cotan-
gent, the tangent, sine, cosine, secant or cosecant functions.
2.2. Base vectors and scale factors
The direct and inverse transformations between N -dimensional hyperspher-
ical and Cartesian coordinates specify the scale factors and hence the metric
tensor and volume elements.
✐✐
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The Cartesian components of the hyperspherical base vectors follow from
the transformation (2.1), from hyperspherical to Cartesian coordinates,
(2.3)
−→e r = ∂xi
∂r
= {cos θ1, sin θ1 cos θ2, sin θ1 sin θ2 cos θ3, . . . ,
sin θ1 sin θ2 sin θ3 . . . sin θn−1 cos θn, . . . , sin θ1 sin θ2 sin θ3 . . . sin θN−3 cos θN−2,
sin θ1 sin θ2 sin θ3 . . . sin θN−2 cosφ, sin θ1 sin θ2 sin θ3 . . . sin θN−2 sinφ} ,
−→e 1 = ∂xi
∂θ1
= r {− sin θ1, cos θ1 cos θ2, cos θ1 sin θ2 cos θ3, . . . ,
cos θ1 sin θ2 sin θ3 . . . sin θn−1 cos θn, . . . , cos θ1 sin θ2 sin θ3 . . . sin θN−3 cos θN−2,
cos θ1 sin θ2 sin θ3 . . . sin θN−2 cosφ, cos θ1 sin θ2 sin θ3 . . . sin θN−2 sinφ} ,
−→e 2 = ∂xi
∂θ2
= r sin θ1 {0,− sin θ2, cos θ2 cos θ3, cos θ2 sin θ3 cos θ4, . . . ,
cos θ2 sin θ3 sin θ4 . . . sin θn−1 cos θn, . . . , cos θ2 sin θ3 sin θ4 . . . sin θN−3 cos θN−2,
cos θ2 sin θ3 sin θ4 . . . sin θN−2 cosφ, cos θ2 sin θ3 sin θ4 . . . sin θN−2 sinφ} ,
...
−→e n = ∂xi
∂θn
= r sin θ1 sin θ2 . . . sin θn−1 {0, 0, . . . , 0,− sin θn, cos θn cos θn+1,
cos θn sin θn+1 cos θn+2, . . . , cos θn sin θn+1 sin θn+2 . . . sin θN−3 cos θN−2,
cos θn sin θn+1 . . . sin θN−2 cosφ, cos θn sin θn+1 . . . sin θN−2 sinφ} ,
...
−→e N−2 = ∂xi
∂θN−2
= r sin θ1 sin θ2 . . . sin θN−3 {0, 0, . . . , 0,− sin θN−2,
cos θN−2 cosφ, cos θN−2 sinφ} ,
−→e φ = ∂xi
∂φ
= r sin θ1 sin θ2 . . . sin θN−2 {0, 0, . . . , 0,− sin φ, cosφ} ,
showing that all base vectors are orthogonal because
(2.4) ∀n = 1, . . . , N − 2, −→e r · −→e n = −→e φ · −→e n = −→e r · −→e φ = 0.
The hyperspherical coordinates are an orthogonal curvilinear coordinate
system in N dimensions, and the modulus of the base vectors specify the
scale factors:
∀ i = 1, . . . , N hi ≡ |−→e i| = {1, r, r sin θ1, r sin θ1 sin θ2, . . . ,
r sin θ1 sin θ2 . . . sin θi−2, . . . , r sin θ1 sin θ2 . . . sin θN−2} .(2.5)
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The scale factors specify the covariant
(2.6a) gij = (hi)
2 δij
and contravariant
(2.6b) gij = (hi)
−2 δij
metric tensors where δij is the identity matrix [19]. The determinant g of the
covariant metric tensor,
|g|1/2 =
N∏
i=1
hi
= rN−1 sinN−2 θ1 sin
N−3 θ2 . . . sin
N−i θi−1 . . . sin
2 θN−3 sin θN−2,(2.7a)
specifies the volume element in hyperspherical coordinates [19]:
(2.7b) dV = |g|1/2 dr dθ1 . . . dθN−2 dφ.
2.3. N-dimensional Laplacian in hyperspherical coordinates
The scale factors can be used to write any invariant differential operator in
hyperspherical coordinates, for example the Laplacian operator.
The Laplacian is given in terms of the metric tensor by
(2.8a) ∇2 = 1√
g
∂
∂xi
(
gij
√
g
∂
∂xj
)
that simplifies to
(2.8b) ∇2 = 1√
g
∂
∂xi
[
1
(hi)
2
√
g
∂
∂xi
]
for orthogonal curvilinear coordinates [19] in terms of the scale factors (2.5).
Using the scale factors in hyperspherical coordinates, the successive terms
are: (i) for the radius,
(2.9a)
1√
g
∂
∂r
[√
g (h1)
−2 ∂
∂r
]
=
1
rN−1
∂
∂r
(
rN−1
∂
∂r
)
=
∂2
∂r2
+
N − 1
r
∂
∂r
,
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which coincides with the radial part of the Laplacian in polar coordinates
for N = 2 or spherical coordinates for N = 3; (ii) for the first latitude,
(2.9b)
1√
g
∂
∂θ1
[√
g (h2)
−2 ∂
∂θ1
]
=
1
r2 sinN−2 θ1
∂
∂θ1
(
sinN−2 θ1
∂
∂θ1
)
;
(iii) for the second latitude,
(2.9c)
1√
g
∂
∂θ2
[√
g (h3)
−2 ∂
∂θ2
]
=
1
r2 sin2 θ1 sin
N−3 θ2
∂
∂θ2
(
sinN−3 θ2
∂
∂θ2
)
;
(iv) for the n-th latitude,
∀n = 1, . . . , N − 2 : 1√
g
∂
∂θn
[√
g (hn+1)
−2 ∂
∂θn
]
=
1
r2 sin2 θ1 . . . sin
2 θn−1 sin
N−n−1 θn
∂
∂θn
(
sinN−n−1 θn
∂
∂θn
)
;(2.9d)
(v) for the last or (N − 2)-th latitude,
1√
g
∂
∂θN−2
[√
g (hN−1)
−2 ∂
∂θN−2
]
=
1
r2 sin2 θ1 . . . sin
2 θN−3 sin θN−2
∂
∂θN−2
(
sin θN−2
∂
∂θN−2
)
;(2.9e)
(vi) for the longitude,
(2.9f)
1√
g
∂
∂φ
[√
g (hN )
−2 ∂
∂φ
]
=
1
r2 sin2 θ1 . . . sin
2 θN−2
∂2
∂φ2
,
which is again familiar for polar (N = 2) and spherical (N = 3) coordinates.
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Substitution of the equations (2.9a) to (2.9f) in (2.8b) proves that the
Laplacian in hyperspherical coordinates is given by
∇2 − ∂
2
∂r2
− N − 1
r
∂
∂r
= ∇2 − 1
rN−1
∂
∂r
(
rN−1
∂
∂r
)
=
1
r2 sinN−2 θ1
∂
∂θ1
(
sinN−2 θ1
∂
∂θ1
)
+
1
r2 sin2 θ1 sin
N−3 θ2
∂
∂θ2
(
sinN−3 θ2
∂
∂θ2
)
+ . . .
+
1
r2 sin2 θ1 . . . sin
2 θn−1 sin
N−n−1 θn
∂
∂θn
(
sinN−n−1 θn
∂
∂θn
)
+ . . .
+
1
r2 sin2 θ1 . . . sin
2 θN−3 sin θN−2
∂
∂θN−2
(
sin θN−2
∂
∂θN−2
)
+
1
r2 sin2 θ1 . . . sin
2 θN−2
∂2
∂φ2
.(2.10)
The last term on the left-hand side (l.h.s.) and the last term on the right-
hand side (r.h.s.) of (2.10), substituting N = 2, coincide with the well-known
formula
(2.11a) ∇2 − ∂
2
∂r2
− 1
r
∂
∂r
= ∇2 − 1
r
∂
∂r
(
r
∂
∂r
)
=
1
r2
∂2
∂φ2
for the Laplacian in polar coordinates [20]. Besides, substituting N = 3, the
last term on the l.h.s. and the last two terms on the r.h.s. of (2.10) coincide
with the formula
∇2 − ∂
2
∂r2
− 2
r
∂
∂r
= ∇2 − 1
r2
∂
∂r
(
r2
∂
∂r
)
=
1
r2 sin θ
∂
∂θ
(
sin θ
∂
∂θ
)
+
1
r2 sin2 θ
∂2
∂φ2
.(2.11b)
for the Laplacian in spherical coordinates [20].
3. Solution of the Laplace, Helmholtz, wave and heat
equations
Many physical phenomena and engineering processes are described by differ-
ential equations that may be linear or non-linear. The non-linear differential
equations may be linearised by considering small perturbations of a mean
✐✐
“ms” — 2020/5/20 — 1:09 — page 8 — #9
✐
✐
✐
✐
✐
✐
8 L. M. B. C. Campos and M. J. S. Silva
state, for example, water waves in a channel [21] or the acoustics of horns [22].
The linear differential equations have constant coefficients in a steady ho-
mogeneous medium using Cartesian coordinates, and otherwise have variable
coefficients, that is: (i) for an inhomogeneous medium, even in one dimension;
(ii) for an homogeneous medium using curvilinear coordinates. An example
of (ii) is the generalized isotropic equation of mathematical physics whose the
spatial dependence is specified by the Laplacian operator in hyperspherical
coordinates.
The Laplacian appears in several of the most important equations of
mathematical physics, such as the Laplace, Helmholtz, wave, heat, Schrödinger,
telegraph, Klein-Gordon equations and their combinations. A partial differ-
ential equation combining all these (subsection 3.1) is solved by separation
of variables in hyperspherical coordinates (subsection 3.2) involving: (i) ex-
ponential functions for the dependencies on time and longitude; (ii) Bessel
functions extending spherical Bessel functions for the dependence on the
radius; (iii) the dependence on the last latitude that is specified by an asso-
ciated Legendre function as in spherical harmonics; (iv) the dependence on
the remaining N − 3 latitudes that specifies an extension to hyperspherical
associated Legendre functions (subsection 3.3).
3.1. A general equation of mathematical physics
The equation of mathematical physics is defined as a linear differential oper-
ator in space-time, with: (i) spatial dependence specified by the Laplace op-
erator; (ii) time dependence specified by a linear differential operator of time
with constant coefficients. The later operator (ii) is usually of the second-
order (L = 2), but can be expanded to any order, with solution by separation
of variables being possible in both cases.
The original equation of mathematical physics is a linear differential
equation with spatial dependence specified by the Laplace operator and tem-
poral dependence as a linear second-order differential operator with constant
coefficients:
(3.1a) ∇2F = 1
c2
∂2F
∂t2
+
1
b
∂F
∂t
+ aF.
The equation of mathematical physics (3.1a) includes: (i) the Laplace equa-
tion if the r.h.s. is zero; (ii) the wave equation with propagation speed c
for the first term on the r.h.s.; (iii) the heat equation with diffusivity b for
the second term on the r.h.s.; (iv) the Helmholtz equation with parameter
a for the third term on the r.h.s.; (v) combinations of the preceding, such
✐✐
“ms” — 2020/5/20 — 1:09 — page 9 — #10
✐
✐
✐
✐
✐
✐
On hyperspherical associated Legendre functions 9
as the telegraph equation consisting of the l.h.s. plus the three terms on the
r.h.s. and the Klein-Gordon equation involving, besides the l.h.s., the first
and third terms on the r.h.s..
The extended equation of mathematical physics
(3.1b) ∇2F =
L∑
l=0
Al
∂lF
∂tl
is a linear partial differential equation in space-time with constant coefficients
where: (i) the temporal part is a linear partial differential operator with
constant coefficients of any order; (ii) the spatial part is the Laplacian that
has second-order derivatives.
All these equations can be reduced to an Helmholtz equation if the
Fourier transform in time is performed. This reduction is reviewed in the
appendix A and it is useful to introduce the solutions in hypercylindrical
coordinates, determined in the appendix B. The comparison between the
solutions in both systems of coordinates are also detailed in the appendix
B. After the transformation, the spatial dependence specified by the Laplace
operator remains constant and therefore the only difference between the
equations of mathematical physics in time domain or in frequency domain
is related to the temporal dependence. Consequently, the comparison of the
solutions between hyperspherical and hypercylindrical coordinates can be
made in different domains of time, since the system of coordinates influ-
ences only the spatial part of the solutions and the temporal part of the
solutions is uniquely related to the time/frequency domains. It means that
using different systems of coordinates influences only the spatial part of the
solutions.
Using the Laplacian in hyperspherical coordinates (2.10), the original
equation of mathematical physics (3.1a), also in hyperspherical coordinates,
✐✐
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takes the form
r2
(
aF +
1
b
∂F
∂t
+
1
c2
∂2F
∂t2
)
= r2∇2F = r2
(
∂2F
∂r2
+
N − 1
r
∂F
∂r
)
+ cscN−2 θ1
∂
∂θ1
(
sinN−2 θ1
∂F
∂θ1
)
+ csc2 θ1
[
cscN−3 θ2
∂
∂θ2
(
sinN−3 θ2
∂F
∂θ2
)
+ csc2 θ2
[
cscN−4 θ3
∂
∂θ3
(
sinN−4 θ3
∂F
∂θ3
)
+ . . .
+ csc2 θn−1
[
cscN−n−1 θn
∂
∂θn
(
sinN−n−1 θn
∂F
∂θn
)
+ . . .
+ csc2 θN−3
[
csc θN−2
∂
∂θN−2
(
sin θN−2
∂F
∂θN−2
)
+ csc2 θN−2
∂2F
∂φ2
]
. . .
]
. . .
]]
.(3.2a)
The extended equation of mathematical physics in hyperspherical coordi-
nates takes the same form as (3.2a), but the first member becomes
(3.2b) r2
L∑
l=0
Al
∂lF
∂tl
= r2∇2F.
The Laplacian operator in hyperspherical coordinates has been written in
(3.1a) in a “nested form”, taking factors out of the brackets as early as pos-
sible. This facilitates the solution by separation of variables, as shown next.
The solution of the original and extended equations of mathematical
physics in hyperspherical coordinates is obtained by separation of variables
(3.3) F (r, θ1, . . . , θN−2, φ, t) = T (t) R (r) Φ (φ)
N−2∏
n=1
Θn (θn)
✐✐
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with substitution in (3.2a) and division by F leading to
r2
(
a+
1
b
1
T
dT
dt
+
1
c2
1
T
d2T
dt2
)
=
r2
R
(
d2R
dr2
+
N − 1
r
dR
dr
)
+
1
Θ1
d2Θ1
dθ21
+ (N − 2) cot θ1 1
Θ1
dΘ1
dθ1
+ csc2 θ1
[
1
Θ2
d2Θ2
dθ22
+ (N − 3) cot θ2 1
Θ2
dΘ2
dθ2
+ csc2 θ2
[
1
Θ3
d2Θ3
dθ23
+ (N − 4) cot θ3 1
Θ3
dΘ3
dθ3
+ . . .
+ csc2 θn−1
[
1
Θn
d2Θn
dθ2n
+ (N − n− 1) cot θn 1
Θn
dΘn
dθn
+ . . .
+ csc2 θN−3
[
1
ΘN−2
d2ΘN−2
dθ2N−2
+ cot θN−2
1
ΘN−2
dΘN−2
dθN−2
+ csc2 θN−2
1
Φ
d2Φ
dφ2
]
. . .
]
. . .
]]
(3.4a)
separating the variables (t, r, θ1, θ2, . . . , θn, . . . , θN−2, φ) as much as possible.
If the substitution was made in (3.2b), the result would have been similar to
(3.3), but the l.h.s. would be
(3.4b) r2
(
A0 +
L∑
l=1
Al
1
T
dlT
dtl
)
.
3.2. Separation of variables and a set of N + 1 ordinary
differential equations
The solution of the original (3.1a) and extended (3.1b) equations of math-
ematical physics in hyperspherical coordinates by separation of variables,
stated in (3.2a), leads to a set of N + 1 ordinary differential equations con-
sidered next.
The equation (3.3) leads to a set of N + 1 ordinary differential equations
one for each factor in (3.4a) because: (i) the r.h.s. of (3.4a) does not depend
on time, so the term in curved brackets on the l.h.s. must be a constant,
namely the symmetric of the radial wavenumber k2, with
(3.5a)
1
c2
d2T
dt2
+
1
b
dT
dt
+
(
a+ k2
)
T = 0
✐✐
“ms” — 2020/5/20 — 1:09 — page 12 — #13
✐
✐
✐
✐
✐
✐
12 L. M. B. C. Campos and M. J. S. Silva
for the original equation of mathematical physics, and
(3.5b)
L∑
l=1
Al
dlT
dtl
+
(
A0 + k
2
)
T = 0
for the extended equation; (ii) the first term on the r.h.s. of (3.4a) is the
only one depending on the radius, so, additionally with the l.h.s., it is also a
constant, and denoting that constant by q (q + 1) leads to
(3.5c) r2
d2R
dr2
+ (N − 1) rdR
dr
+
[
k2r2 − q (q + 1)]R = 0;
(iii) the last factor on the r.h.s. of (3.4a) is the only one depending on the
longitude, so it must be a constant, equal to −m2 wherem is the azimuthally
wavenumber, leading to
(3.5d)
d2Φ
dφ2
+m2Φ = 0;
(iv) the last latitude θN−2 appears only in the last two terms on the r.h.s.
of (3.4a) and must be a constant leading to
1
ΘN−2
d2ΘN−2
dθ2N−2
+ cot θN−2
1
ΘN−2
dΘN−2
dθN−2
+ csc2 θN−2
1
Φ
d2Φ
dφ2
= −qN−2 (1 + qN−2)(3.5e)
which on account of (3.5d) is equivalent to
d2ΘN−2
dθ2N−2
+ cot θN−2
dΘN−2
dθN−2
+
[
qN−2 (1 + qN−2)−m2 csc2 θN−2
]
ΘN−2 = 0;(3.5f)
(v) a similar reasoning of (iv) leads, for θN−3, to
d2ΘN−3
dθ2N−3
+ 2cot θN−3
dΘN−3
dθN−3
+
[
qN−3 (1 + qN−3)− qN−2 (1 + qN−2) csc2 θN−3
]
ΘN−3 = 0;(3.5g)
✐✐
“ms” — 2020/5/20 — 1:09 — page 13 — #14
✐
✐
✐
✐
✐
✐
On hyperspherical associated Legendre functions 13
(vi) the corresponding ordinary differential equation for θN−n, with n =
3, . . . , N − 1, is
d2ΘN−n
dθ2N−n
+ (n− 1) cot θN−ndΘN−n
dθN−n
+
[
qN−n (1 + qN−n)− qN−n+1 (1 + qN−n+1) csc2 θN−n
]
ΘN−n = 0;(3.5h)
(vii) the constants introduced at each stage of (3.4a) lead to the equality
q1 = q. In the case of spherical coordinates, with N = 3, there is only one
latitude and therefore the equations (3.5g) and (3.5h) do not exist. The only
latitude in that case is θN−2 = θ1 (equal to θ in the appendix A.3) satisfying
(3.5f) that is equivalent to (A.19b).
3.3. Dependencies on longitude, time, radius and latitudes
The solution of the preceding set of N + 1 ordinary differential equations
involves 3 known functions and a new differential equation.
The simplest ordinary differential equation (3.5d) is for longitude, and
specifies two sinusoids for 0 ≤ φ ≤ 2pi and for all non-negative integers m:
(3.6) Φ (φ) = exp (±imφ) .
The dependence on time, stated in (3.5a) or (3.5b), are two exponential
functions,
(3.7a) T (t) = exp (±iωt) ,
with frequency ω satisfying the dispersion relation
(3.7b) k2 =
(ω
c
)2
− a∓ iω
b
for the original equation of mathematical physics, and depending on the sign
of the exponential in (3.7a), or
(3.7c) k2 = −A0 −
L∑
l=1
Al (±iω)l
for the extended equation, also depending on the sign in (3.7a). It involves
the radial wavenumber k, which also appears in the radial dependence (3.5c).
✐✐
“ms” — 2020/5/20 — 1:09 — page 14 — #15
✐
✐
✐
✐
✐
✐
14 L. M. B. C. Campos and M. J. S. Silva
The radial dependence is a cylindrical Bessel equation of order σ2 =
q (q + 1) for N = 2. Otherwise, the radial dependence is specified by a spher-
ical Bessel equation (A.21) for N = 3, that is reducible to a cylindrical form
(A.13) via a change of dependent variable that involves multiplication by
a factor 1/
√
r. The factor can be interpreted as r1−N/2 when N = 3. This
suggests the change of dependent variable
(3.8a) R (r) = r1−N/2S (r)
in the N -dimensional case that transforms to a Bessel equation
(3.8b) r2S′′ + rS′ +
[
k2r2 −
(
N
2
− 1
)2
− q (q + 1)
]
S = 0
of order σ specified by
(3.9a) σ2 = q (q + 1) +
(
N
2
− 1
)2
;
thus the radial dependence is specified by
(3.9b) R (r) = r1−N/2Zσ (kr)
in terms of a linear combination of Bessel, Neumann or Hankel functions:
(3.10) Zσ (kr) ≡ A1Jσ (kr) +A2Yσ (kr) = A+H(1)σ (kr) +A−H(2)σ (kr) .
In two dimensions, N = 2, the solution is a cylindrical Bessel function of
order σ2 = q (q + 1). In three dimensions, N = 3, from (3.9a) follows σ =
q + 1/2 leading to spherical Bessel functions r−1/2Zq+1/2 (kr) in (3.9b). The
agreement of (A.22) with (3.10), for N = 3, shows that the spherical (A.22)
and cylindrical (3.10) Bessel and Neumann functions are related by
jq (kr) =
√
pi
2r
Jq+1/2 (kr) ,(3.11a)
yq (kr) =
√
pi
2r
Yq+1/2 (kr) ,(3.11b)
where the constant factor
√
pi/2 was inserted for agreement with the liter-
ature and can be absorbed into the arbitrary constants A+ and A−. For all
higher dimensions, N = 4, 5, . . ., then (3.9a) specifies the order of the Bessel
✐✐
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function (3.10) in the radial solution (3.9b). The radial dependence of the
solution for N dimensions in terms of Bessel and Neumann functions (3.9b)
simplifies in two dimensions to cylindrical Bessel and Neumann functions
(A.14a) of order
√
q (q + 1), but variable kr, while in three dimensions the
solution reduces to spherical Bessel and Neumann functions (A.22) of order
q + 1/2.
The last latitude (3.5f) satisfies an associated Legendre equation,
(3.12) ΘN−2 (θN−2) = P
m
qN−2 (cos θN−2) ,
as for spherical harmonics, stated in (A.19b). In the case N = 3, then qN−2 =
q1 = q in (3.5c), leading to associated Legendre polynomials equivalent to
(A.20). In higher dimensions, N = 4, 5, . . ., besides qN−2, there are the con-
stants qN−3, . . . , q1 appearing in (3.5h), which lead to a generalized or hy-
perspherical associated Legendre function
(3.13a) G (θ) ≡ Pµν,λ (cos θ)
defined by the solution of the corresponding differential equation.
The hyperspherical associated Legendre functions are therefore defined
as solutions of the differential equation
(3.13b)
d2G
dθ2
+ (1 + 2λ) cot θ
dG
dθ
+
[
ν (ν + 1)− µ2 csc2 θ]G (θ) = 0.
The original associated Legendre differential equation is the particular case
λ = 0 of (3.13b). The dependence on the (N − n)-th latitude, according to
(3.5h), that is, with n = 3, . . . , N − 1, is of the type (3.13b), which is specified
by an hyperspherical associated Legendre function
(3.14a) ΘN−n (θN−n) = P
µn
νn,λn
(cos θN−n)
involving the parameters
νn = qN−n,(3.14b)
µn = |qN−n+1 (1 + qN−n+1)|1/2 ,(3.14c)
2λn = n− 2.(3.14d)
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16 L. M. B. C. Campos and M. J. S. Silva
4. General solution in terms of hyperspherical associated
Legendre functions
The solution of the general equation of mathematical physics is summarized
next in N dimensions (subsection 4.1), and reviewed in the four-dimensional
case (subsection 4.2). The latter involves the first of the hyperspherical as-
sociated Legendre functions, which can be defined for any dimension (sub-
section 4.3).
4.1. Solution of the general equation of mathematical physics
Remembering the equations (3.3) and (3.5c) to (3.5h), the solution of the
original or extended equation of mathematical physics in hyperspherical co-
ordinates (3.2b), using the method separation of variables, is given by
F (r, θ1, . . . , θN−2, φ, t) = r
1−N/2
+∞∑
m=−∞
ei(mφ−ωt)
∞∑
q1=1
Zσ (kr)
×
∞∑
qN−2=1
PmqN−2 (cos θN−2)
∞∑
qN−3,...,q1=1
N−1∏
n=3
PµnqN−n,λn (cos θN−n)(4.1)
as a product of the following factors: (i) the radial dependence with ampli-
tude
(4.2a) A ∼ r1−N/2
leads to a flux
(4.2b) A2rN−1 ∼ const.
from (3.9b) through an hypersphere of radius R which is independent of
the radius, hence a constant; (ii) the time dependence (3.7a) involves a fre-
quency ω, which is a root of the dispersion relation (3.7b) or (3.7c) for orig-
inal or extended equation respectively, and hence may be complex, allowing
not only sinusoidal oscillations if ℜ (ω) 6= 0, but also decays if ℑ (ω) < 0 or
grows if ℑ (ω) > 0 with time; (iii) the dependence on longitude (3.6) is si-
nusoidal with integer wavenumber m; (iv) the radial dependence involves
besides the constant flux factor (4.2a), the Bessel functions (3.10) of order
σ satisfying (3.9a) and involving q = q1; (v) the latter is the first of funda-
mental wavenumbers (q1, . . . , qN−2) appearing in (3.5d) to (3.5h); (vi) the
✐✐
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last latitude θN−2 is specified by an associated Legendre function (3.12),
so the wavenumber qN−2 is a positive integer if the direction θN−2 = pi is
included; (vii) the remaining N − 3 latitudes each appear as a factor speci-
fied by hyperspherical associated Legendre functions (3.14a), with (3.14b) as
the degree, (3.14c) as the order and (3.14d) as the dimension; (vii) the first
latitude θ1 corresponds to the order q1 = q and to the hyperspherical associ-
ated Legendre function of variable θ1, degree q, order µN−1 = |q2 (1 + q2)|1/2
and dimension (N − 3) /2. The solution in hyperspherical coordinates of the
Helmholtz equation, using the Fourier transform in time, and its comparison
with the hypercylindrical coordinates can be reviewed in the appendix B.4.
The four-dimensional case is reviewed in the next subsection before pro-
ceeding to consider the main new feature, namely the hyperspherical as-
sociated Legendre functions. The four-dimensional case in hypercylindrical
coordinates can be reviewed in the appendix B.3.
4.2. Particular case of four-dimensional harmonics
The simplest case beyond spherical harmonics is four-dimensional and is
reviewed combining all preceding results in this subsection.
The four-dimensional hyperspherical coordinates (r, ψ, θ, φ) are related to
the Cartesian coordinates (x1, x2, x3, x4) ≡ (z, w, x, y) through the equations
(2.1) leading to
0 ≤ r <∞, 0 ≤ ψ, θ ≤ pi, 0 ≤ φ ≤ 2pi :
{z, w, x, y} = r {cosψ, sinψ cos θ, sinψ sin θ cosφ, sinψ sin θ sinφ} .(4.3)
The inverse coordinate transformation from four-dimension Cartesian to hy-
perspherical coordinates, using (2.2), is
(4.4)
r =
∣∣z2 + w2 + x2 + y2∣∣1/2 ,
cotψ = z
∣∣w2 + x2 + y2∣∣−1/2 ,
cot θ = w
∣∣x2 + y2∣∣−1/2 ,
cotφ = x/y.
✐✐
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The hyperspherical base vectors, defined in (2.3), are
(4.5)
−→e r = {cosψ, sinψ cos θ, sinψ sin θ cosφ, sinψ sin θ sinφ} ,
−→e ψ = r {− sinψ, cosψ cos θ, cosψ sin θ cosφ, cosψ sin θ sinφ} ,
−→e θ = r sinψ {0,− sin θ, cos θ cosφ, cos θ sinφ} ,
−→e φ = r sinψ sin θ {0, 0,− sin φ, cosφ} .
They are mutually orthogonal and specify the scale factors (2.5) resulting in
(4.6a) hr = 1, hψ = r, hθ = r sinψ, hφ = r sinψ sin θ,
as well as the determinant of the covariant metric tensor
(4.6b) |g|1/2 = r3 sin2 ψ sin θ
and the volume element
(4.6c) dV = |g|1/2 dr dψ dθ dφ.
The four-dimensional Laplacian in hyperspherical coordinates, knowing (2.10),
is
∇2 = 1
r3
∂
∂r
(
r3
∂
∂r
)
+
1
r2 sin2 ψ
∂
∂ψ
(
sin2 ψ
∂
∂ψ
)
+
1
r2 sin2 ψ sin θ
∂
∂θ
(
sin θ
∂
∂θ
)
+
1
r2 sin2 ψ sin2 θ
∂2
∂φ2
.(4.7)
The original and general equations of mathematical physics, (3.1a) and (3.1b)
respectively, have the solution by separation of variables (3.3),
(4.8) F (r, ψ, θ, φ, t) = T (t) R (r) Ψ (ψ) Θ (θ) Φ (φ) ,
where
r2
(
a+
1
b
1
T
dT
dt
+
1
c2
1
T
d2T
dt2
)
=
r2
R
(
d2R
dr2
+
3
r
dR
dr
)
+
1
Ψ
(
d2Ψ
dψ2
+ 2cotψ
dΨ
dψ
)
+ csc2 ψ
[
1
Θ
(
d2Θ
dθ2
+ cot θ
dΘ
dθ
)
+ csc2 θ
1
Φ
d2Φ
dφ2
]
(4.9)
with respect to the original equation. This leads to a set of five ordinary
differential equations specifying the dependence, in particular, on the time
✐✐
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through (3.7a) and on the longitude through (3.6). The dependence on the
radius is specified by (3.5c), in this case by
(4.10a) r2
d2R
dr2
+ 3r
dR
dr
+
[
k2r2 − q (q + 1)]R = 0
whose solution is specified by Bessel functions (3.9b) and (3.10),
(4.10b) R (r) =
1
r
Zσ (kr) ,
of order σ with
(4.10c) σ2 = q2 + q + 1.
The dependence on the last latitude, regarding (3.12), with s ≡ q2, is
(4.11a) Θ(θ) = Pms (cos θ)
satisfying the differential equation
(4.11b)
d2Θ
dθ2
+ cot θ
dΘ
dθ
+
[
s (s+ 1)−m2 csc2 θ]Θ = 0.
Lastly, the dependence on the first latitude, substituting n = N − 1 in (3.14a)
to (3.14d), with q = q1, satisfies
(4.12a)
d2Ψ
dψ2
+ 2cotψ
dΨ
dψ
+
[
q (q + 1)− s (s+ 1) csc2 ψ]Ψ = 0
whose solution is
(4.12b) Ψ(ψ) = P
µN−1
q,1/2 (cosψ)
with
(4.12c) µN−1 = |s (s+ 1)|1/2 .
The general solution is
F (r, ψ, θ, φ, t) =
1
r
e−iωt
+∞∑
m=−∞
eimφ
∞∑
q=1
Zσ (kr)
×
∞∑
s=1
Pms (cos θ)
∞∑
q=1
P
µN−1
q,1/2 (cosψ)(4.13)
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where the Bessel functions have order (4.10c), the original associated Leg-
endre polynomials specify the dependence on the second latitude θ and the
dependence on the first latitude ψ is specified by hyperspherical associated
Legendre functions of dimension 1/2 in (4.12b) with µN−1 given by (4.12c).
For higher dimensions, N = 5, 6 . . ., more hyperspherical associated Legendre
functions appear.
The first latitude that corresponds to the hyperspherical associated Leg-
endre functions is given by the product of the sine function and the hyper-
geoemtric function. The explicit relation is evaluated in the theorem 5.3.
The function, from (3.14a), depends on the parameters µ, ν and λ. For four
dimensions, N is equal to 4 and the first latitude corresponds to n = 3.
Therefore, there are two values that influence the hyperspherical associated
Legendre function given by (4.12b) (the value of λ is equal to 1/2): q1 = q
and q2 = s. These two values, in that order, are indicated between curved
parentheses at each plot of the figure 1. Assigning integer values, the figure
1 shows several plots of the hyperspherical associated Legendre function for
values of the first latitude ψ between 0 and pi. Each plot represents the two
independent solutions. The solid line is the first solution with the plus sign in
the first equation of (5.14) while the dashed line is the second solution with
the negative sign. In some cases, such as (q1, q2) = (1, 1) or (q1, q2) = (2, 3)
as sketched in the first row of plots in the figure 1, one parameter of the
hypergeometric function (α or β in (5.13b)) is zero and consequently the
hypergeometric function reduces to unity and the function Ψ is equal to the
first term of (5.13b). There are also cases such as the second line of plots
in the figure 1 corresponding to irrational values of the parameters α and
β. Lastly, the third line of plots represents the functions Ψ reduced to sine
functions multiplied by polynomials because, in that cases, one upper pa-
rameter (α or β) of the hypergeometric function is a non-positive integer.
All these plots show more three properties: they are symmetric with respect
to ψ = pi/2, they are equal to 1 for ψ = pi/2 and the functions Ψ converge
for 0 < θ < pi and diverge for all other values, including the points ψ = 0
and ψ = pi, since the hypergeometric functions have two upper parameters
(α and β) and one lower parameter (λ).
For higher dimensions, there are more hyperspherical associated Legen-
dre functions corresponding to additional latitudes. They differ from the case
of four dimensions because the values of λ are not equal to 1/2, except for
the latitude θN−3. Nonetheless, the plot of these functions are similar to the
ones of figure 1, but they diverge more quickly near the values θ = 0 and
θ = pi.
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Figure 1: Function Ψ of the first latitude, between 0 and pi, for several integer
values of q and s.
The hyperspherical associated Legendre functions include as particular
cases not only to the associated Legendre functions, but also to the hyper-
spherical Legendre functions considered in the next subsection.
4.3. Hierarchy of related Legendre functions
The new feature of the solution of the original or general equations of math-
ematical physics in terms of hyperspherical coordinates is the appearance of
the hyperspherical associated Legendre functions that can be related to the
Gaussian hypergeometric functions (see theorem 5.3). This preceded by the
separate consideration of hyperspherical Legendre functions (see lemma 5.1)
and associated Legendre functions (see lemma 5.2). The associated Legendre
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functions are the particular case λ = 0 of (3.13a) and (3.13b), that is,
X (θ) ≡ Pµν,0 (cos θ) = Pµν (cos θ) :(4.14a)
d2X
dθ2
+ cot θ
dX
dθ
+
[
ν (ν + 1)− µ2 csc2 θ]X = 0.(4.14b)
Otherwise, the hyperspherical Legendre functions are the particular case
µ = 0 of (3.13a) and (3.13b), that is,
Y (θ) ≡ P 0ν,λ (cos θ) = Pν,λ (cos θ) :(4.15a)
d2Y
dθ2
+ (1 + 2λ) cot θ
dY
dθ
+ ν (ν + 1)Y = 0.(4.15b)
The Legendre functions are the common particular case of (4.14a) and
(4.15a), setting λ = 0 and µ = 0, that leads to
Z (θ) ≡ P 0ν,0 (cos θ) = Pν (cos θ) :(4.16a)
d2Z
dθ2
+ cot θ
dZ
dθ
+ ν (ν + 1)Z = 0.(4.16b)
Before establishing the relation with the Gaussian hypergeometric func-
tion (in section 5), it is convenient to write the differential equation (3.13b)
in an alternative form. The change of independent variable
(4.17a) x = cos θ,
assuming that
(4.17b) H (x) ≡ Pµν,λ (cos θ) ,
transforms (3.13b) to the hyperspherical associated Legendre differential
equation
(4.17c)
(
1− x2)H ′′ − 2 (1 + λ)xH ′ + [ν (ν + 1)− µ2
1− x2
]
H = 0
with variable x, degree ν, order µ and dimension λ. The transformation
of the differential equation (4.17c) to a Gaussian hypergeometric type will
establish the relation with the Legendre functions of all four types, namely
(3.13a), (4.14a), (4.15a) and (4.16a).
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5. Relation with Gaussian hypergeometric functions
The relation with Gaussian hypergeometric functions is: (i) obtained first
(see lemma 5.1) for hyperspherical Legendre functions (subsection 5.1); (ii)
reviewed next (see lemma 5.2) for associated Legendre functions (subsection
5.2); (iii) finally generalized (see theorem 5.3) for hyperspherical associated
Legendre functions (subsection 5.3).
5.1. Hyperspherical Legendre functions
Lemma 5.1. The hyperspherical Legendre functions (4.15a) are related to
the Gaussian hypergeometric functions by
(5.1a) Pν,λ (cos θ) = F
(
α, β; 1 + λ;
1− cos θ
2
)
with parameters
(5.1b) α, β = λ+
1
2
±
∣∣∣∣∣
(
λ+
1
2
)2
+ ν (ν + 1)
∣∣∣∣∣
1/2
.
Proof. In the theory of the associated Legendre differential equation, the
change of dependent variable
(5.2a) y =
1− x
2
,
defining
(5.2b) Q (y) ≡ H (x) ,
leads from (4.17c) to the ordinary differential equation
(5.2c)
y (1− y)Q′′ + [1 + λ− 2 (1 + λ) y]Q′ +
[
ν (ν + 1)− (µ/2)
2
y (1− y)
]
Q = 0.
This last equation is of the hypergeometric type, that is, its solution is
(5.3a) Q (y) = F (α, β; γ; y)
because it satisfies the differential equation in the form
(5.3b) y (1− y)Q′′ + [γ − (α+ β + 1) y]Q′ − αβQ = 0
✐✐
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for the case µ = 0 with parameters satisfying
(5.4) α+ β = 1 + 2λ, αβ = −ν (ν + 1) , γ = 1 + λ.
The condition µ = 0 in (4.17b), and using (5.2b) and (5.3a), leads to
(5.5) P 0ν,λ (cos θ) = Q
(
1− cos θ
2
)
= F
(
α, β; γ;
1− cos θ
2
)
that proves (5.1a). The parameters α, β ≡ χ satisfying (5.4) are the roots of
(5.6)
0 = (χ− α) (χ− β) = χ2 − (α+ β)χ+ αβ = χ2 − (1 + 2λ)χ− ν (ν + 1)
and the roots of the last equation are (5.1b). 
In general, P 0ν,λ (x) would be a linear combination of the two Gaussian
hypergeometric functions which are solutions of (4.15b). Moreover, in the
case λ = 0 of the Legendre functions (4.16a),
(5.7) Pν (cos θ) = F
(
−ν, 1 + ν; 1; 1− cos θ
2
)
.
This agrees with (5.1a) and (5.1b) for λ = 0, and is a known result [20].
Thus, (5.1a) is a definition of hyperspherical Legendre function of first kind
which is consistent with the original Legendre function of first kind.
5.2. Associated Legendre functions
Not only the hyperspherical Legendre functions (see lemma 5.1), but also
the associated Legendre functions (see lemma 5.2) are related to Gaussian
hypergeometric functions.
Lemma 5.2. The associated Legendre functions are related to the Gaussian
hypergeometric functions by
(5.8)
Pµν (cos θ) =
[(cos θ + 1) / (cos θ − 1)]µ/2
Γ (1− µ) F
(
−ν, ν + 1; 1 − µ; 1− cos θ
2
)
.
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Proof. The change of dependent variable
(5.9a) H (x) =
(
x+ 1
x− 1
)µ/2
J (x)
transforms (4.17c) to the ordinary differential equation
(5.9b)
(
1− x2) J ′′ + 2 [µ− (1 + λ)x]J ′ + [ν (ν + 1)− 2λµx
1− x2
]
J = 0.
The change of independent variable
(5.10a) y =
1− x
2
with
(5.10b) Q (y) ≡ J (x) ,
similar to (5.2a) and (5.2b), leads to
(5.10c)
y (1− y)Q′′ + [1 + λ− µ− 2 (1 + λ) y]Q′ +
[
ν (ν + 1)− λµ
2
1/y − 2
1− y
]
Q = 0.
In the case λ = 0, this is a Gaussian hypergeometric equation (5.3b) with
parameters
(5.11a) γ = 1− µ, α+ β = 1, αβ = −ν (ν + 1)
implying
(5.11b) α = −ν, β = 1 + ν.
Substituting (5.11b) in (5.3a) and using the equations (4.17a), (4.17b), (5.9a),
(5.10a) and (5.10b), leads to
(5.12a) Pµν (cos θ) = C
(
cos θ + 1
cos θ − 1
)µ/2
F
(
−ν, ν + 1; 1− µ; 1− cos θ
2
)
where C is an arbitrary constant. The choice of the constant
(5.12b) C =
1
Γ (1− µ)
in (5.12a) leads to (5.8). 
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The arbitrary constant in (5.12a) was chosen to agree with the known rela-
tions between associated Legendre and Gaussian hypergeometric functions
[20].
In the case λ 6= 0, then (5.10c) does not reduce to a Gaussian hyper-
geometric equation. In conclusion, it has been shown (see lemma 5.1) that
the hyperspherical Legendre functions (4.15a) are a particular case of the
Gaussian hypergeometric function (5.1a). This result does not extend to
the hyperspherical associated Legendre functions with µ 6= 0 via the usual
methods of the theory of associated Legendre functions (see lemma 5.2). By
following an alternative approach, it is shown in the next subsection (see
theorem 5.3) that the hyperspherical associated Legendre equation can be
reduced to the Gaussian hypergeometric equation.
5.3. Reduction to the Gaussian hypergeometric equation
Rather than follow the usual theory of associated Legendre functions, a differ-
ent set of changes of independent variables is used to reduce the hyperspher-
ical associated Legendre equation (4.17c) to the Gaussian hypergeometric
type. The lemmas 5.1 and 5.2 are particular cases of the next theorem.
Theorem 5.3. The hyperspherical associated Legendre functions are related
to the Gaussian hypergeometric functions by
(5.13a) Pµν,λ (x) =
(
1− x2)ϑ F (α, β; 1
2
;x2
)
or alternatively
(5.13b) Pµν,λ (cos θ) = sin
2ϑ θF
(
α, β;
1
2
; cos2 θ
)
where the parameters are given by
(5.14)
ϑ = −λ
2
±
∣∣∣∣λ2 + µ24
∣∣∣∣1/2 ,
2 {α, β} = 2ϑ+ λ+ 1
2
±
∣∣∣∣∣4ϑ2 +
(
λ+
1
2
)2
+ ν (ν + 1)
∣∣∣∣∣
1/2
.
Proof. The change of independent variable
(5.15a) z = x2
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with
(5.15b) L (z) ≡ H (x) = Pµν,λ (cos θ)
leads to the ordinary differential equation
(5.15c) 4z (1− z)L′′ + 2 [1− (3 + 2λ) z]L′ +
[
ν (ν + 1)− µ
2
1− z
]
L = 0
where the coefficient of the highest order derivative L′′ in z is cubic instead
of quadratic in (4.17c). The degree of the coefficient of L′′ can be depressed
further by a change of dependent variable
(5.16a) L (z) = (1− z)ϑM (z)
leading to the ordinary differential equation
4z (1− z)M ′′ + 2 [1− (3 + 2λ+ 4ϑ) z]M ′
+
[
ν (ν + 1)− 4ϑ2 − 2ϑ − 4λϑ− µ
2 − 4ϑ2 − 4λϑ
1− z
]
M = 0(5.16b)
where the constant ϑ can be chosen at will. Choosing ϑ to satisfy
(5.17a) ϑ2 + λϑ− µ
2
4
= 0,
the ordinary differential equation (5.16b) can be divided through by 1− z,
so that in
(5.17b)
z (1− z)M ′′ +
[
1
2
−
(
λ+
3
2
+ 2ϑ
)
z
]
M ′ +
[
ν (ν + 1)
4
− ϑ2 − ϑ
2
− λϑ
]
M = 0
the coefficient of the highest order derivative is now of degree two. Fur-
thermore, (5.17b) is a Gaussian hypergeometric equation, like (5.3b), with
parameters
(5.18) γ =
1
2
, α+ β = 2ϑ+ λ+
1
2
, αβ = ϑ2 +
ϑ
2
+ λϑ− ν (ν + 1)
4
with ϑ given by (5.17a). Thus, the function M in (5.16b) is a Gaussian hy-
pergeometric function, confirming that z = 0, 1,∞ are regular singularities.
Substitution of (5.15a), (5.15b) and (5.16a) leads to (5.13a) or (5.13b) where
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the roots of (5.17a) are in the first equation of (5.14) and from (5.18), with
α, β ≡ χ, follows
(5.19)
0 = χ2 − (α+ β)χ+ αβ = χ2 −
(
2ϑ+ λ+
1
2
)
χ+ ϑ2 +
ϑ
2
+ λϑ− ν (ν + 1)
4
whose roots are in the last two equations of (5.14). 
Since there are two roots of (5.17a), substitution in the last two equations
of (5.14) leads to two distinct set of parameters (ϑ, α, β); each specifies one
solution of the hyperspherical associated Legendre differential equation. Each
solution can be written in the alternate form (5.13a) for (4.17c) or (5.13b)
for (3.13b). Both solutions are plotted in the figure 1. The solid line is the
solution using the plus sign in the first equation of (5.14) while the dashed
line is the solution with the minus sign. Since the two particular integrals are
linearly independent, the general integral is a linear combination of both.
6. Conclusion
The partial differential equation consisting of the Laplacian in N dimen-
sions equated to a linear differential operator in time with constant coeffi-
cients was considered in the section 3, as the extended equation of mathe-
matical physics, that includes frequently used equations such as the wave,
heat, Schrödinger, telegraph and other equations. The solution, stated in the
section 4, in hyperspherical coordinates by separation of variables leads to
known functions except for N − 3 latitudes. The latitudes are specified by
the hyperspherical associated Legendre functions (3.13a) that reduce to the
original associated Legendre functions only in three dimensions. The hyper-
spherical associated Legendre functions are expressible in terms of Gaussian
hypergeometric functions, not only for the original, but also for the hyper-
spherical Legendre functions, as explained in section 5.
It has not been necessary to go beyond the Gaussian hypergeometric
functions and to consider the extended Gaussian hypergeometric functions
[16, 17], which have an irregular singularity at infinity. The brief preced-
ing analysis shows that the hyperspherical associated Legendre functions are
a generalization of the associated Legendre functions. Although the usual
methods of the theory of special functions and singular differential equations
apply [13, 23, 24], the properties of the hyperspherical associated Legendre
functions can also be obtained from the relation with Gaussian hypergeo-
metric functions.
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The hyperspherical associated Legendre functions are a joint generaliza-
tion of the hyperspherical Legendre functions [25] that extend the classical
multipoles from three to higher dimensions and of the classical associated
Legendre functions that lead to spherical harmonics [7, 9]. A suggested nota-
tion for Legendre functions is indicated in the table 1 and figure 2 adding to
the classical (i) Legendre and (ii) associated Legendre functions two more:
(iii) the hyperspherical associated Legendre functions associated with the
separation of the Laplacian in hyperspherical coordinates (present paper);
(iv) the hyperspherical Legendre functions arising from the extension of the
multipolar expansion to N dimensions [18], which are the particular case
λ = 0.
Pν (z) Legendre function of variable z and degree ν
Pµν (z) Associated Legendre function of variable z, order µ and degree ν
Pν,λ (z)
Hvperspherical Legendre function
of variable z, dimension λ and degree ν
Pµν,λ (z)
Hyperspherical associated Legendre function of variable z,
dimension λ, order µ and degree ν
Table 1: Notation for Legendre functions.
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Appendix A. Helmholtz equation and its solutions
The complete equation (3.1a) with all terms, as well as its generalization
(3.1b), can be reduced to an Helmholtz equation by considering the Fourier
transform in time
(A.1a) F (xn, t) =
+∞∫
−∞
F˜ (xn, ω) e
−iωt dω
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Pµν,λ (z)
hyperspherical associated
µ = 0
Pν,λ (z)
hyperspherical
λ = 0
Pµν (z)
associated
λ = 0 µ = 0
Pν (z)
original
Figure 2: Relation between Legendre functions where P denote functions of
first kind and Q are functions of second kind.
implying that the derivation with regard to time
(A.1b)
∂F
∂t
→ −iωF˜
is equivalent to multiplication by −iω where ω is the frequency. Substitution
of (A.1b) in (3.1b) shows that the solution of the generalized isotropic equa-
tion of mathematical physics (3.1b) has a Fourier transform in time (A.1a)
that satisfies an Helmholtz equation
(A.2a) ∇2F˜ + k2F˜ = 0
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with the square of wavenumber
(A.2b) k2 =
L∑
l=0
Al (−iω)l
that is complex in the presence of time derivatives of odd order, for example
(A.3) k2 = −a+ iω
b
+
ω2
c2
for the spectrum of the second-order isotropic equation of mathematical
physics (3.1a).
Before determining the solutions of the Helmholtz equation (A.2a) in
cylindrical, spherical or hypercylindrical coordinates that is the new fea-
ture of this work, the appendix A.1 intends to determine the solutions in
Cartesian coordinates to show that the only solutions in that case are the
sinusoidal functions. The solution of the Helmholtz equation is therefore
simplest in Cartesian coordinates for N dimensions when the Laplacian is
a second-order partial differential operator with constant coefficients. When
the curvilinear coordinates are used in the Laplacian, special functions ap-
pear in the solution.
A.1. Separation of variables in Cartesian coordinates
Using the Laplacian in N -dimensional Cartesian coordinates,
(A.4a) ∇2F˜ =
N∑
n=1
∂2F˜
∂x2n
,
the Helmholtz equation (A.2a) becomes
(A.4b)
N∑
n=1
∂2F˜
∂x2n
= −k2F˜
whose solution may be sought by the method of separation of variables as
the product
(A.4c) F˜ (x1, . . . , xN , ω) =
N∏
n=1
Xn (xn)
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of N functions, one of each variable. Substituting (A.4c) in (A.4b) and di-
viding by F˜ leads to
(A.5a)
N∑
n=1
1
Xn
d2Xn
dx2n
= −k2.
Since each term on the l.h.s. of (A.5a) depends on a different variable they
must all be constant,
(A.5b)
1
Xn
d2Xn
dx2n
= −k2n,
with their sum satisfying
(A.5c) k2 =
N∑
n=1
k2n.
Thus, to the position vector of coordinates xn may be associated a wavevector
with components kn whose the sum of squares specifies the wavenumber k.
The differential equation (A.5b) has the solutions
(A.6) Xn (xn) = B
+
n exp (iknxn) +B
−
n exp (−iknxn) ,
that, substituted in (A.4c), lead to
F˜ (x1, . . . , xN , ω) =
N∏
n=1
Cn cos (knxn − αn)
=
1
2N
N∏
n=1
Cn {exp [i (knxn − αn)] + exp [−i (knxn − αn)]}(A.7)
where B±n in (A.6) and (Cn, αn) in (A.7) are alternative pairs of arbitrary
constants related by
2B±n = Cn exp (∓iαn) :(A.8a)
exp (2iαn) =
B−n
B+n
,(A.8b)
Cn = B
+
n exp (iαn) +B
−
n exp (−iαn) .(A.8c)
Thus, the Helmholtz equation (A.2a) in N -dimensional Cartesian coordi-
nates (A.4b) has the solution in terms of sinusoidal functions alone (A.7)
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where B±n and (Cn, αn) are alternative pairs of arbitrary constants related
by (A.8a) to (A.8c).
In the case of polar or spherical coordinates in the plane or space re-
spectively, the Laplacian has variable coefficients and the method of separa-
tion of variables leads to linear ordinary differential equations with variable
coefficients whose the solutions involve special functions. The solution of
the Helmholtz equation is reviewed briefly for cylindrical coordinates in the
appendix A.2 and for spherical coordinates in the appendix A.3 as a pre-
cursor to the solution for hypercylindrical coordinates in the appendix B.
The solution of the Helmholtz equation in cylindrical coordinates requires
Bessel functions, in spherical coordinates the associated Legendre functions
are needed and in hypercylindrical coordinates the hyperspherical associated
Legendre functions appear.
A.2. Cylindrical coordinates and Bessel functions
The Laplacian using cylindrical coordinates in space adds to the Laplacian
in polar coordinates, that span a plane, an orthogonal Cartesian coordinate
z, leading to the Helmholtz equation
(A.9)
1
r
(
r
∂F˜
∂r
)
+
1
r2
∂2F˜
∂φ2
+
∂2F˜
∂z2
= −k2F˜ .
In this appendix A.2, r denotes the distance to the polar axis. The last
Helmholtz equation can be solved by separation of variables
(A.10a) F˜ = R (r) Φ (φ) Z (z)
leading to
(A.10b)
1
Rr
d
dr
(
r
dR
dr
)
+
1
r2Φ
d2Φ
dφ2
+
1
Z
d2Z
dz2
+ k2 = 0.
The first three terms of (A.10b) depend on different variables leading to the
constants
1
Φ
d2Φ
dφ2
= −m2,(A.11a)
1
Z
d2Z
dz2
= −K2,(A.11b)
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that must satisfy
(A.11c)
1
Rr
d
dr
(
r
dR
dr
)
− m
2
r2
+ k2 −K2 = 0.
The solutions of (A.11a) and (A.11b) are sinusoidal functions, respectively
Φ (φ) = C+e
imφ + C−e
−imφ(A.12a)
Z (z) = B+e
iKz +B−e
−iKz,(A.12b)
where C± and B± are arbitrary constants. The differential equation (A.11c),
equivalent to
(A.13) r2
d2R
dr2
+ r
dR
dr
+
(
k
2
r2 −m2
)
R = 0,
is a cylindrical Bessel differential equation whose solution is a linear combi-
nation of Bessel Jm and Neumann Ym functions,
(A.14a) R (r) = E+Jm
(
kr
)
+ E−Ym
(
kr
)
,
with: (i) integer order m equal to azimuthal wavenumber m in (A.12a); (ii)
variable kr involving the radial wavenumber k which is equal to
(A.14b) k =
∣∣k2 −K2∣∣1/2 ⇔ k2 = K2 + k2;
(iii) the sum of the squares of the radial wavenumber k in (A.14a) and of the
axial wavenumber K in (A.12b) being the square of the total wavenumber k
in the Helmholtz equation (A.9).
Substituting the solutions of Φ, Z and X in (A.10a), it follows that the
solution of the Helmholtz equation in cylindrical coordinates (A.9) is
F˜ (r, φ, z, ω) =
(
B+e
iKz +B−e
−iKz
) (
C+e
imφ +C−e
−imφ
)
× [E+Jm (kr)+ E−Ym (kr)](A.15)
involving: (i) three pairs of arbitrary constants (B±, C±, E±); (ii) the prod-
ucts of sinusoidal functions of the axial z and azimuthal φ coordinates by
a linear combination of Bessel Jm and Neumann Ym functions; (iii) the az-
imuthal m, axial K, radial k and total k wavenumbers with the last three
related by (A.14a). In the case of polar coordinates in the plane, the depen-
dence on the axial coordinate z in the Laplacian operator is omitted, so that
✐✐
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the Helmholtz equation (A.9) simplifies to
(A.16a)
1
r
∂
∂r
(
r
∂F˜
∂r
)
+
1
r2
∂2F˜
∂φ2
+ k2F˜ = 0.
The corresponding axial wavenumber is zero, K = 0, omitting one of the
factors in the solution (A.15) when passing to
(A.16b) F˜ (r, φ, ω) =
(
C+e
imφ + C−e
−imφ
)
[E+Jm (kr) +E−Ym (kr)]
where the total and radial wavenumbers coincide. The solution of the Helmholtz
equation in spherical coordinates involves besides sinusoidal and Bessel func-
tions also the associated Legendre functions.
A.3. Spherical coordinates and associated Legendre functions
The Laplace operator in spherical coordinates leads to the Helmholtz equa-
tion
(A.17)
1
r2
∂
∂r
(
r2
∂F˜
∂r
)
+
1
r2 sin θ
∂
∂θ
(
sin θ
∂F˜
∂θ
)
+
1
r2 sin2 θ
∂2F˜
∂φ2
+ k2F˜ = 0.
The solution by separation of variables
(A.18a) F˜ (r, θ, φ, ω) = R (r) Θ (θ) Φ (φ)
leads to
(A.18b)
1
R
d
dr
(
r2
dR
dr
)
+
1
Θ sin θ
d
dθ
(
sin θ
dΘ
dθ
)
+
1
Φ sin2 θ
d2Φ
dφ2
+ k2r2 = 0
that is satisfied by three separate ordinary differential equations specify-
ing the: (i) azimuthal dependence (A.11a) in terms of sinusoidal functions
(A.12a); (ii) latitudinal dependence
(A.19a)
1
Θ sin θ
d
dθ
(
sin θ
dΘ
dθ
)
− m
2
sin2 θ
= −q (q + 1)
leading to an associated Legendre differential equation
(A.19b)
d2Θ
dθ2
+ cot θ
dΘ
dθ
+
[
q (q + 1)−m2 csc2 θ]Θ = 0
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whose the solution
(A.20) Θ(θ) = D+P
m
q (cos θ) +D−Q
m
q (cos θ)
is a linear combination of the first Pmq and second Q
m
q kinds of associated
Legendre functions with degree q and order m; (iii) radial dependence
1
R
d
dr
(
r2
dR
dr
)
+ k2r2 − q (q + 1) = r2d
2R
dr2
+ 2r
dR
dr
+
[
k2r2 − q (q + 1)]
= 0(A.21)
specified by a spherical Bessel differential equation whose the general integral
(A.22) R (r) = E+jq (kr) + E−yq (kr)
is a linear combination of spherical Bessel jq and Neumann yq functions of
order q where k is the radial wavenumber. Substituting the solutions of Φ,
Θ and R in (A.18a), it follows that the solution of the Helmholtz equation
in spherical coordinates (A.17) is
F˜ (r, θ, φ, ω) =
(
C+e
imφ + C−e
−imφ
) [
D+P
m
q (cos θ) +D−Q
m
q (cos θ)
]
× [E+jq (kr) + E−yq (kr)](A.23)
involving: (i) three pairs of arbitrary constants of integration (C±,D±, E±);
(ii) sinusoidal functions of longitude (A.12a) with wavenumber m; (iii) two
kinds of associated Legendre functions (A.20) of the cosine of the latitude
with order m and degree q; (iv) spherical Bessel and Neumann functions
(A.22) of order q and variable kr where the radial distance is multiplied
by the radial wavenumber. In this case, there is only one latitude and the
corresponding associated Legendre equation. In hyperspherical coordinates,
there are more latitudes and therefore more (hyperspherical, except one)
associated Legendre equations, each one of degree q1, q2, . . . , qN−2 and, in
that case, the constants introduced lead to q1 = q where q is associated to
the order of spherical Bessel functions (explained in the subsection 3.2). In
the case of spherical coordinates, with N = 3, there is only one associated
Legendre equation of degree q1 that is also simultaneously equal to the order
of spherical Bessel functions q. Consequently, the degree of the associated
Legendre functions and the order of spherical Bessel and Neumann functions,
in the case of spherical coordinates, are the same because there is only one
latitude.
✐✐
“ms” — 2020/5/20 — 1:09 — page 37 — #38
✐
✐
✐
✐
✐
✐
On hyperspherical associated Legendre functions 37
The solution of the Helmholtz equation in cylindrical and spherical co-
ordinates for three dimensions can be generalized to hypercylindrical and
hyperspherical coordinates respectively for any higher number of dimen-
sions. The generalization to hypercylindrical coordinates and the solution
of the Helmholtz equation in that system of coordinates are detailed in the
appendix B.
Appendix B. Multidimensional hypercylindrical coordinates
The solution of the Helmholtz equation in hypercylindrical coordinates in-
volves six steps: (i) the relation with N -dimensional Cartesian coordinates;
(ii) the orthogonal base vectors with their moduli specifying the scale factors;
(iii) the Laplacian operator leading to the Helmholtz equation; (iv) the sepa-
ration of variables leading to sinusoidal functions in the azimuthal and axial
directions, and Bessel functions in the radial direction; (v) the associated
Legendre functions that appear for the first latitude and the hyperspherical
associated Legendre functions that appear for higher-order latitudes; (vi) in
the case of hypercylindrical coordinates, the last latitude that is replaced by
a Cartesian axial coordinate leading to sinusoidal functions.
The hypercylindrical coordinates, with the radius 0 ≤ r <∞, longitude
0 ≤ φ ≤ 2pi, axial distance−∞ < z < +∞ andN − 3 latitudes 0 ≤ θ1, . . . , θN−3 ≤
pi, are defined by N relations with the N -dimensional Cartesian coordinates.
Most of them are similar with respect to hyperspherical coordinates. For
instance, N − 3 relations are similar in terms of the distance from the axis
r (in hyperspherical coordinates, r denotes the distance to the origin) and
N − 3 latitudes, θ1, . . . , θN−3, leading to the same relations as (2.1), except
for the last three equations. Besides the N − 3 relations, the hyperspheri-
cal coordinates have one more latitude θN−2 and a longitude φ, leading to
the last three equations of (2.1). Otherwise, the hypercylindrical coordinates
have one axial Cartesian coordinate z and a longitude φ, substituting the
last three equations of (2.1) by
(B.1)
xN−2 = r sin θ1 sin θ2 . . . sin θN−3 cosφ,
xN−1 = r sin θ1 sin θ2 . . . sin θN−3 sinφ,
xN = z.
Thus, the transformation from hypercylindrical to Cartesian coordinates in
N -dimensions is given by (2.1), except the last three equations, plus (B.1). In
two dimensions, N = 2, with x1 ≡ x and x2 ≡ y, this leads to polar coordi-
nates (r, φ). In three dimensions, N = 3, with x3 ≡ z, this leads to cylindrical
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coordinates (r, φ, z). The name hypercylindrical coordinates arises because
the first coordinate hypersurface is an hypercylinder.
These transformations can be inverted from N -dimensional Cartesian to
hypercylindrical coordinates: the distance from the axis is
(B.2a) r =
∣∣∣(x1)2 + (x2)2 + . . .+ (xN−1)2∣∣∣1/2
showing that the coordinate hypersurface r = const is an hypercylinder of
radius r; the next N − 3 relations are similar to hyperspherical coordinates,
with
(B.2b)
cot θ1 = x1
{∣∣∣(x2)2 + . . .+ (xN−1)2∣∣∣−1/2} ,
cot θ2 = x2
{∣∣∣(x3)2 + . . .+ (xN−1)2∣∣∣−1/2} ,
...
cot θn = xn
{∣∣∣(xn+1)2 + . . .+ (xN−1)2∣∣∣−1/2} ,
...
cot θN−3 = xN−3
{∣∣∣(xN−2)2 + (xN−1)2∣∣∣−1/2} ;
the last two relations are different because
(B.2c)
cotφ =
xN−2
xN−1
,
z = xN .
In the transformations (B.2b) and (B.2c), it would be possible to substi-
tute the cotangent by other circular functions. The transformations (B.2a)
to (B.2b) from N -dimensional Cartesian coordinates to hypercylindrical co-
ordinates are the inverses of (2.1) (not regarding the last three equations)
and (B.1), and show that the hypercylindrical coordinates are orthogonal
on the hypercylinder r = const. The orthogonality of the hypercylindrical
coordinates is proved from the base vectors that leads to scale factors.
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B.1. Base vectors and scale factors
The Cartesian components of the contravariant hypercylindrical base vectors
follow from the transformation from hypercylindrical to Cartesian coordi-
nates,
(B.3)
−→e r = ∂xi
∂r
= {cos θ1, sin θ1 cos θ2, sin θ1 sin θ2 cos θ3, . . . ,
sin θ1 sin θ2 sin θ3 . . . sin θn−1 cos θn, . . . , sin θ1 sin θ2 sin θ3 . . . sin θN−4 cos θN−3,
sin θ1 sin θ2 sin θ3 . . . sin θN−3 cosφ, sin θ1 sin θ2 sin θ3 . . . sin θN−3 sinφ, 0} ,
−→e 1 = ∂xi
∂θ1
= r {− sin θ1, cos θ1 cos θ2, cos θ1 sin θ2 cos θ3, . . . ,
cos θ1 sin θ2 sin θ3 . . . sin θn−1 cos θn, . . . , cos θ1 sin θ2 sin θ3 . . . sin θN−4 cos θN−3,
cos θ1 sin θ2 sin θ3 . . . sin θN−3 cosφ, cos θ1 sin θ2 sin θ3 . . . sin θN−3 sinφ, 0} ,
−→e 2 = ∂xi
∂θ2
= r sin θ1 {0,− sin θ2, cos θ2 cos θ3, cos θ2 sin θ3 cos θ4, . . . ,
cos θ2 sin θ3 sin θ4 . . . sin θn−1 cos θn, . . . , cos θ2 sin θ3 sin θ4 . . . sin θN−4 cos θN−3,
cos θ2 sin θ3 sin θ4 . . . sin θN−3 cosφ, cos θ2 sin θ3 sin θ4 . . . sin θN−3 sinφ, 0} ,
...
−→e n = ∂xi
∂θn
= r sin θ1 sin θ2 . . . sin θn−1 {0, 0, . . . , 0,− sin θn, cos θn cos θn+1,
cos θn sin θn+1 cos θn+2, . . . , cos θn sin θn+1 . . . sin θN−4 cos θN−3,
cos θn sin θn+1 . . . sin θN−3 cosφ, cos θn sin θn+1 . . . sin θN−3 sinφ, 0} ,
...
−→e N−3 = ∂xi
∂θN−3
= r sin θ1 sin θ2 . . . sin θN−4 {0, 0, . . . , 0,− sin θN−3,
cos θN−3 cosφ, cos θN−3 sinφ, 0} ,
−→e φ = ∂xi
∂φ
= r sin θ1 sin θ2 . . . sin θN−3 {0, 0, . . . , 0,− sin φ, cosφ, 0} ,
−→e z = ∂xi
∂z
= {0, 0, . . . , 0, 1} ,
showing that all base vectors are orthogonal because
∀n = 1, . . . , N − 3, −→e r · −→e n = −→e φ · −→e n = −→e r · −→e φ = −→e r · −→e z
= −→e n · −→e z = −→e φ · −→e z = 0.(B.4)
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The hypercylindrical coordinates are an orthogonal curvilinear coordi-
nate system in N dimensions, and the modulus of the base vectors specify
the scale factors,
∀ i = 1, . . . , N hi ≡ |−→e i| = {1, r, r sin θ1, r sin θ1 sin θ2, . . . ,
r sin θ1 sin θ2 . . . sin θi−2, . . . , r sin θ1 sin θ2 . . . sin θN−3, 1} .(B.5)
Comparing to hyperspherical coordinates, the scale factors in hypercylindri-
cal coordinates are similar for the first N − 1 elements with the distance
from the origin replaced by the distance from the axis while the last ele-
ment is unity because it corresponds to a Cartesian coordinate. The scale
factors for an orthogonal curvilinear coordinate system specify through their
squares the diagonal of the covariant metric tensor and its determinant [19].
The determinant of the covariant metric tensor is given for hypercylindrical
coordinates by
|g|1/2 =
N∏
i=1
hi
= rN−2 sinN−3 θ1 sin
N−4 θ2 . . . sin
N−i θi−2 . . . sin
2 θN−4 sin θN−3.(B.6)
The scale factors of an orthogonal curvilinear coordinate system in N di-
mensions specify the Laplacian operator and hence the Helmholtz equation
in hypercylindrical coordinates.
B.2. Helmholtz equation in hypercylindrical coordinates
The contravariant metric tensor and the determinant of the covariant metric
tensor can be used to write any invariant differential operator, for example
the scalar Laplacian, that simplifies to (2.8b) in orthogonal curvilinear co-
ordinates [19]. Using the scale factors (B.5) in hypercylindrical coordinates,
the successive terms are: (i) for the radius,
(B.7a)
1√
g
∂
∂r
[√
g (h1)
−2 ∂
∂r
]
=
1
rN−2
∂
∂r
(
rN−2
∂
∂r
)
=
∂2
∂r2
+
N − 2
r
∂
∂r
,
which coincides with the radial part of the Laplacian in polar coordinates
for N = 2 or cylindrical coordinates for N = 3; (ii) for the first latitude,
(B.7b)
1√
g
∂
∂θ1
[√
g (h2)
−2 ∂
∂θ1
]
=
1
r2 sinN−3 θ1
∂
∂θ1
(
sinN−3 θ1
∂
∂θ1
)
;
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(iii) for the second latitude,
(B.7c)
1√
g
∂
∂θ2
[√
g (h3)
−2 ∂
∂θ2
]
=
1
r2 sin2 θ1 sin
N−4 θ2
∂
∂θ2
(
sinN−4 θ2
∂
∂θ2
)
;
(iv) for the n-th latitude,
∀n = 1, . . . , N − 2 : 1√
g
∂
∂θn
[√
g (hn+1)
−2 ∂
∂θn
]
=
1
r2 sin2 θ1 . . . sin
2 θn−1 sin
N−n−2 θn
∂
∂θn
(
sinN−n−2 θn
∂
∂θn
)
;(B.7d)
(v) for the last or (N − 3)-th latitude,
1√
g
∂
∂θN−3
[√
g (hN−2)
−2 ∂
∂θN−3
]
=
1
r2 sin2 θ1 . . . sin
2 θN−4 sin θN−3
× ∂
∂θN−3
(
sin θN−3
∂
∂θN−3
)
;(B.7e)
(vi) for the longitude,
(B.7f)
1√
g
∂
∂φ
[√
g (hN−1)
−2 ∂
∂φ
]
=
1
r2 sin2 θ1 . . . sin
2 θN−3
∂2
∂φ2
,
which is again familiar for polar (N = 2) and cylindrical (N = 3) coordinates;
(vii) for the axial coordinate,
(B.7g)
1√
g
∂
∂z
[√
g (hN )
−2 ∂
∂z
]
=
∂2
∂z2
,
which is the same for cylindrical (N = 3) coordinates.
The comparison of the successive forms in hypercylindrical coordinates
to cylindrical or polar coordinates can be made observing the l.h.s. of (A.9).
Substituting (B.7a) to (B.7g) in the Laplacian (2.8b) and then in (A.2a)
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specifies the Helmholtz equation in hypercylindrical coordinates
−k2F˜ = ∇2F˜ = 1
rN−2
∂
∂r
(
rN−2
∂F˜
∂r
)
+
1
r2 sinN−3 θ1
∂
∂θ1
(
sinN−3 θ1
∂F˜
∂θ1
)
+
1
r2 sin2 θ1 sin
N−4 θ2
∂
∂θ2
(
sinN−4 θ2
∂F˜
∂θ2
)
+ . . .
+
1
r2 sin2 θ1 . . . sin
2 θn−1 sin
N−n−2 θn
∂
∂θn
(
sinN−n−2 θn
∂F˜
∂θn
)
+ . . .
+
1
r2 sin2 θ1 . . . sin
2 θN−4 sin θN−3
∂
∂θN−3
(
sin θN−3
∂F˜
∂θN−3
)
+
1
r2 sin2 θ1 . . . sin
2 θN−3
∂2F˜
∂φ2
+
∂2F˜
∂z2
.(B.8)
In space (N = 3), the Helmholtz equation in hypercylindrical coordinates
simplifies to (A.9) in cylindrical coordinates, and in any dimension it can
be written in a “nested form” that facilitates the subsequent solution by
separation of variables.
Multiplying by r2, the Helmholtz equation (B.8) is rewritten in a “nested
form” as
−k2r2F˜ = r2∇2F˜ = r2
(
∂2F˜
∂r2
+
N − 2
r
∂F˜
∂r
)
+ cscN−3 θ1
∂
∂θ1
(
sinN−3 θ1
∂F˜
∂θ1
)
+ csc2 θ1
[
cscN−4 θ2
∂
∂θ2
(
sinN−4 θ2
∂F˜
∂θ2
)
+ csc2 θ2
[
cscN−5 θ3
∂
∂θ3
(
sinN−5 θ3
∂F˜
∂θ3
)
+ . . .
+ csc2 θn−1
[
cscN−n−2 θn
∂
∂θn
(
sinN−n−2 θn
∂F˜
∂θn
)
+ . . .
+ csc2 θN−4
[
csc θN−3
∂
∂θN−3
(
sin θN−3
∂F˜
∂θN−3
)
+ csc2 θN−3
∂2F˜
∂φ2
]
. . .
]
. . .
]]
+ r2
∂2F˜
∂z2
(B.9)
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taking factors out of the brackets as early as possible. These equations in hy-
percylindrical coordinates can be obtained from the corresponding equations
in hyperspherical coordinates making the transformation N → N − 1, not-
ing also that there is one less latitude (N − 2→ N − 3), and an additional
term must appear with regard to the coordinate z.
The solution of the Helmholtz equation in hypercylindrical coordinates
is obtained by separation of variables,
(B.10) F˜ (r, θ1, . . . , θN−3, φ, z, ω) = R (r) Φ (φ) Z (z)
N−3∏
n=1
Θn (θn) ,
with the substitution in (B.9) and division by F˜ leading to
−k2r2 = r
2
R
(
d2R
dr2
+
N − 2
r
dR
dr
)
+
1
Θ1
d2Θ1
dθ21
+ (N − 3) cot θ1 1
Θ1
dΘ1
dθ1
+ csc2 θ1
[
1
Θ2
d2Θ2
dθ22
+ (N − 4) cot θ2 1
Θ2
dΘ2
dθ2
+ csc2 θ2
[
1
Θ3
d2Θ3
dθ23
+ (N − 5) cot θ3 1
Θ3
dΘ3
dθ3
+ . . .
+ csc2 θn−1
[
1
Θn
d2Θn
dθ2n
+ (N − n− 2) cot θn 1
Θn
dΘn
dθn
+ . . .
+ csc2 θN−4
[
1
ΘN−3
d2ΘN−3
dθ2N−3
+ cot θN−3
1
ΘN−3
dΘN−3
dθN−3
+ csc2 θN−3
1
Φ
d2Φ
dφ2
]
. . .
]
. . .
]]
+
r2
Z
d2Z
dz2
,(B.11)
and separating the variables (r, θ1, θ2, . . . , θn, . . . , θN−3, φ, z) as much as pos-
sible, for the next step. Thus, the Helmholtz equation in hypercylindrical
coordinates written in “nested form” (B.9) has the solution by separation of
variables (B.10) leading to a set ofN separate ordinary differential equations,
that are considered next.
The last term is the only one depending on the coordinate z and it must
be equal to a constant, namely −K2, and results in the same equation as
(A.11b), whose solutions are the same sinusoidal functions as (A.12b). The
last but one term is the only one depending on the longitude φ, so it must
be a constant −m2, leading to (A.11a). It is exactly the same with regard
to hyperspherical coordinates, comparing (A.11a) of φ with (3.5d). The first
and the last terms on the r.h.s. depend on the distance to the axis r, and so
✐✐
“ms” — 2020/5/20 — 1:09 — page 44 — #45
✐
✐
✐
✐
✐
✐
44 L. M. B. C. Campos and M. J. S. Silva
it equals to a constant, denoted by q (1 + q), leading to
(B.12) r2
d2R
dr2
+ (N − 2) rdR
dr
+
[(
k2 −K2) r2 − q (q + 1)]R = 0,
that simplifies to (A.13) for N = 3 in cylindrical coordinates. The last lati-
tude θN−3 appears only in the last two terms in square brackets on the r.h.s.
of (B.11) and must be a constant leading to (3.5e) that on account of (A.11a)
is equivalent to (3.5f), performing the transformation N → N − 1. A similar
reasoning for θN−4 leads to (3.5g) with the same transformation. The corre-
sponding ordinary differential equation for θN−n, with n = 4, . . . , N − 1, is
equivalent to (3.5h), but the factor (n− 1) must be replaced by (n− 2) in
the second term of the l.h.s. (the first latitude corresponds to n = N − 1).
Regarding the latitudes, the parallelism from hyperspherical to hypercylin-
drical coordinates can be made considering the transformation N → N − 1.
As in the case of hyperspherical coordinates, the constants introduced in the
equations lead to q1 = q.
The solution by separation of variables of the Helmholtz equation in hy-
percylindrical coordinates (B.8) leads to a set of N separate ordinary differ-
ential equations. The simplest dependence is on longitude and its solution is
specified by (A.12a), as in the cases of cylindrical and spherical coordinates,
and also as in the case of hyperspherical coordinates observing the solution
(3.6), because the differential equation of φ is the same in all system of coor-
dinates. Regarding the radial dependence, the differential equation (B.12) is
very similar to (3.5c) in the case of hyperspherical coordinates. The former
equation can be obtained by the latter making the transformations on the
constants N → N − 1 and k2 → k2 −K2 = k2. In fact, the axial wavenum-
berK is zero in hyperspherical coordinates. Therefore, the radial dependence
in hypercylindrical coordinates can be obtained from the radial dependence
in hyperspherical coordinates, that is, from (3.9b) and making the two trans-
formations previously mentioned. Consequently, in hypercylindrical coordi-
nates, it is also specified by a linear combination of Bessel functions, that is,
(B.13a) R (r) = r(3−N)/2Zσ
(
kr
)
,
but of order σ equal to
(B.13b) σ2 = q (q + 1) +
(
N
2
− 3
2
)2
✐✐
“ms” — 2020/5/20 — 1:09 — page 45 — #46
✐
✐
✐
✐
✐
✐
On hyperspherical associated Legendre functions 45
and variable kr where k is again the radial wavenumber given by (A.14b).
The last latitude θN−3 satisfies an associated Legendre differential equation,
similar to (3.5f), with order m and degree qN−3, thus leading to (3.12),
but making the transformation N → N − 1. For the remaining co-latitudes,
a more general differential equation appears, similar to (3.13b), that may
be designated the hyperspherical associated Legendre differential equation.
Its solution in terms of hyperspherical associated Legendre functions of two
kinds specifies the dependence of the solution of the Helmholtz equation
(A.2a) in hypercylindrical coordinates on the (N − n)-th latitude, with n =
4, . . . , N − 1, given by (3.14a). The only difference remains in the dimension
because in hypercylindrical coordinates it is given by
(B.14) 2λn = n− 3
and not as in (3.14d) for hyperspherical coordinates.
The simplest case of the solution of Helmholtz equation in hypercylindri-
cal coordinates beyond cylindrical harmonics is four-dimensional, indicated
in the appendix B.3.
B.3. Hypercylindrical harmonics in four dimensions
The four-dimensional case in hypercylindrical coordinates is similar to the
three-dimensional case in hyperspherical coordinates. The relation to Carte-
sian coordinates, using (B.1) and the first equation of (2.1), involves an
orthogonal Cartesian coordinate instead of a second latitude, that is,
0 ≤ r <∞, 0 ≤ θ ≤ pi, 0 ≤ φ ≤ 2pi, −∞ < z < +∞ :
{w, x, y, z} = {r cos θ, r sin θ cosφ, r sin θ sinφ, z} .(B.15)
The inverse coordinate transformation from four-dimensional Cartesian to
hypercylindrical, knowing (B.2a) to (B.2c), is
r =
∣∣w2 + x2 + y2∣∣1/2 ,
cot θ = w
∣∣x2 + y2∣∣−1/2 ,
cotφ =
x
y
,
z = z.
(B.16)
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The hypercylindrical base vectors, defined in (B.3), are
−→e r = {cos θ, sin θ cosφ, sin θ sinφ, 0} ,
−→e θ = r {− sin θ, cos θ cosφ, cos θ sinφ, 0} ,
−→e φ = r sin θ {0,− sin φ, cosφ, 0} ,
−→e z = {0, 0, 0, 1} .
(B.17)
They are mutually orthogonal and their modulus specify the scale factors
(B.5), resulting in
(B.18a) hr = hz = 1, hθ = r, hφ = r sin θ,
as well as the determinant of the covariant metric tensor
(B.18b) |g|1/2 = r2 sin θ.
The four-dimensional Helmholtz equation in hypercylindrical coordinates,
using (B.8), is
−k2F˜ = ∇2F˜
=
1
r2
∂
∂r
(
r2
∂F˜
∂r
)
+
1
r2 sin θ
∂
∂θ
(
sin θ
∂F˜
∂θ
)
+
1
r2 sin2 θ
∂2F˜
∂φ2
+
∂2F˜
∂z2
(B.19)
where the Laplacian is similar to spherical (A.17), changing the meaning of r
and adding the last term of the l.h.s. of the cylindrical equation (A.9). Then,
the solution by separation of variables
(B.20) F˜ (r, θ, φ, z, ω) = R (r) Θ (θ) Φ (φ) Z (z)
is equal to the product of (A.23) by (A.12b) and using the last one taking
into account the transformation k2 → k2 −K2 = k2, that is,
F˜ (r, θ, φ, z, ω) =
(
B+e
iKz +B−e
−iKz
) (
C+e
imφ + C−e
−imφ
)
× [D+Pmq (cos θ) +D−Qmq (cos θ)] [E+Jq (kr)+ E−Yq (kr)] .(B.21)
It has been shown that the solution of the Helmholtz equation in four-
dimensional hypercylindrical coordinates (B.19) is (B.21) with arbitrary az-
imuthalm, radial k and axialK wavenumbers. The superposition of solutions
is valid and is used to specify the general integral of the equation of math-
ematical physics (3.1b) in hypercylindrical coordinates. The hyperspherical
associated Legendre functions only appear for N ≥ 4 dimensions.
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B.4. Linear superposition of hyperspherical and hypercylindrical
harmonics
In the case of hyperspherical coordinates, when substituting the solution
(B.22) F˜ (r, θ1, . . . , θN−2, φ, ω) = R (r) Φ (φ)
N−2∏
n=1
Θn (θn)
of the Helmholtz equation (A.2a) in the generalized isotropic equation of
mathematical physics (3.1b) using (A.1a), the follows two changes are made:
(i) a general superposition of solutions is used with integer parameters; (ii)
only one function in each coordinate is used to simplify the formulas. Thus,
the generalized isotropic equation of mathematical physics (3.1b) in hyper-
spherical coordinates has the solution as a superposition of hyperspherical
harmonics (similar to the solution (4.1) in time domain)
F (r, θ1, . . . , θN−2, φ, t) =
+∞∫
−∞
dωBm,q1,...,qN−2 (ω)
+∞∑
m=−∞
ei(mφ−ωt)Zσ (kr)
×
∞∑
qN−2=1
PmqN−2 (cos θN−2)
∞∑
qN−3,...,q1=1
N−1∏
n=3
PµnqN−n,λn (cos θN−n)(B.23)
involving: (i) an integration over frequency and arbitrary coefficients B de-
pending not only on the frequency, but also on the azimuthal m, radial q = q1
and latitudinal q1, . . . , qN−2 wavenumbers; (ii) the dependence on longitude
φ that is specified by sinusoidal functions (3.6) with azimuthal wavenumber
m; (iii) the dependence on the radius r that is specified by Bessel functions
(3.9b) of order (3.8a) and variable kr where k is the wavenumber defined by
(A.2b); (iv) the dependence on the last latitude θN−2 specified by associated
Legendre functions (3.12) of order m and degree qN−2; (v) the dependence
on the remaining N − 3 latitudes θ1, . . . , θN−3 specified by hyperspherical
associated Legendre functions (3.14a) with degree (3.14b), order (3.14c)
and dimension (3.14d) knowing that n = 3, . . . , N − 1. The sums over the
wavenumbers m, q1, . . . , qN−2 could be replaced by integrals. Similar results
apply in hypercylindrical coordinates.
In the case of hypercylindrical coordinates, the Laplacian (B.8), com-
pared to hyperspherical coordinates, has one less latitude replaced by an ax-
ial Cartesian coordinate in the generalized equation of mathematical physics
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(3.1b) leading to
0 = k2F˜ +
1
rN−2
∂
∂r
(
rN−2
∂F˜
∂r
)
+
1
r2 sinN−3 θ1
∂
∂θ1
(
sinN−3 θ1
∂F˜
∂θ1
)
+
1
r2 sin2 θ1 sin
N−4 θ2
∂
∂θ2
(
sinN−4 θ2
∂F˜
∂θ2
)
+ . . .
+
1
r2 sin2 θ1 . . . sin
2 θn−1 sin
N−n−2 θn
∂
∂θn
(
sinN−n−2 θn
∂F˜
∂θn
)
+ . . .
+
1
r2 sin2 θ1 . . . sin
2 θN−4 sin θN−3
∂
∂θN−3
(
sin θN−3
∂F˜
∂θN−3
)
+
1
r2 sin2 θ1 . . . sin
2 θN−3
∂2F˜
∂φ2
+
∂2F˜
∂z2
.
(B.24)
The solution is similar to (B.23) with one less latitude, specifically θN−2,
replaced by an axial Cartesian coordinate z, whose its solution is given by
(A.12b), and that leads to
F (r, θ1, . . . , θN−3, φ, z, t) =
+∞∫
−∞
+∞∫
−∞
dK dωBm,q1,...,qN−3 (K,ω)
×
+∞∑
m=−∞
ei(Kz+mφ−ωt)Zσ
(
kr
)
×
∞∑
qN−3=1
PmqN−3 (cos θN−3)
×
∞∑
qN−4,...,q1=1
N−1∏
n=4
PµnqN−n,λn (cos θN−n) .(B.25)
Thus, the solution of the generalized isotropic equation of mathematical
physics in hypercylindrical coordinates (B.25) is similar compared to the so-
lution in hyperspherical coordinates (B.23), with the following distinctions:
(i) the last latitude is specified by associated Legendre functions, therefore
θN−2 for hyperspherical coordinates, however θN−3 for hypercylindrical co-
ordinates; (ii) in both systems, all others latitudes are specified by hyper-
spherical associated Legendre functions, however their dimensions are dif-
ferent, that is, they are given by (3.14a) for hyperspherical or (B.14) for
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hypercylindrical coordinates; (iii) in both systems, there is the integration of
frequency ω, however in hypercylindrical coordinates there is also of the axial
wavenumber K, and the coefficient B is a function of two variables (and not
one) with azimuthal m, radial q = q1 and N − 4 (and not N − 3) latitudinal
q2, . . . , qN−3 wavenumbers; (iv) in this last case, the radial dependence is
specified by Bessel functions of order (B.13b) and variable kr involving the
distance from the axis r and the radial wavenumber k 6= k. These results
involve special functions, for example, Bessel and hyperspherical associated
Legendre functions that are solutions of linear differential equations with
variable coefficients.
References
[1] H. Lamb. Hydrodynamics. Dover Publications, Inc., New York, NY, 6
edition, 1945.
[2] A. E. H. Love. A Treatise on the Mathematical Theory of Elasticity.
Dover Books on Engineering. Dover Publications, Inc., New York, NY,
4 edition, 1944.
[3] J. A. Stratton. Electromagnetic Theory. International Series in Pure and
Applied Physics. McGraw-Hill book company, Inc., New York, London,
1941.
[4] J. W. S. Rayleigh and R. B. Lindsay. The Theory of Sound, volume 1
of Dover Books on Physics. Dover Publications, Inc., New York, NY, 2
edition, 1945.
[5] L. D. Landau and E. M. Lifshitz. Quantum Mechanics: Non-relativistic
Theory, volume 3 of Course of Theoretical Physics. Pergamon Press
Ltd., Oxford, 2 edition, 1965.
[6] A. R. Forsyth. A Treatise on Differential Equations. Macmillan & Co.
Ltd., London, 6 edition, 1956.
[7] T. M. MacRobert. Spherical Harmonics: An Elementary Treatise on
Harmonic Functions with Applications. Pergamon Press Ltd., Oxford,
3 edition, 1967.
[8] E. T. Whittaker and G. N. Watson. A Course of Modern Analysis: an
Introduction to the General Theory of Infinite Processes and of Analytic
Functions; with an Account of the Principal Transcendental Functions.
Cambridge Mathematical Library. Cambridge University Press, Cam-
bridge, 4 edition, 1996.
✐✐
“ms” — 2020/5/20 — 1:09 — page 50 — #51
✐
✐
✐
✐
✐
✐
50 L. M. B. C. Campos and M. J. S. Silva
[9] E. W. Hobson. The Theory of Spherical and Ellipsoidal Harmonics.
Cambridge University Press, Cambridge, 1931.
[10] H. Bateman. Higher Transcendental Functions, volume 1–3. McGraw-
Hill Book Company, Inc., New York, NY, 1953–1955.
[11] F. Klein. Vorlesungen über die hypergeometrische Funktion. Die
Grundlehren der mathematischen Wissenschaften. Verlag Springer,
Berlin, 1933.
[12] P. Appell. Sur les Fonctions Hypergéométriques de Plusieurs Vari-
ables: les Polynomes d’Hermite et autres Fonctions Sphériques dans
l’Hyperespace, volume 3 of Mémorial des Sciences Mathématiques.
Gauthier-Villars, Paris, 1925.
[13] E. L. Ince. Ordinary Differential Equations. Dover Books on Mathe-
matics. Dover Publications, Inc., Mineola, NY, 1956.
[14] L. M. B. C. Campos. Complex Analysis with Applications to Flows
and Fields. Mathematics and Physics for Science and Technology. CRC
Press, Boca Raton, FL, 1 edition, 2011.
[15] L. M. B. C. Campos. Transcendental Representations with Applications
to Solids and Fluids. Mathematics and Physics for Science and Tech-
nology. CRC Press, Boca Raton, FL, 1 edition, apr 2012.
[16] L. M. B. C. Campos. On Singularities and Solutions of the Extended
Hypergeometric Differential Equation. Integral Transforms and Special
Functions, 9(2):99–120, 2000.
[17] L. M. B. C. Campos. On the Extended Hypergeometric Equation and
Functions of Arbitrary Degree. Integral Transforms and Special Func-
tions, 11(3):233–256, 2001.
[18] L. M. B. C. Campos. Generalized Calculus with Applications to Matter
and Forces. Mathematics and Physics for Science and Technology. CRC
Press, Boca Raton, FL, 1 edition, apr 2014.
[19] I. S. Sokolnikoff. Tensor Analysis: Theory and Applications. Applied
Mathematics Series. John Wiley & Sons, Inc., New York, NY, 1951.
[20] M. Abramowitz and I. Stegun, editors. Handbook of Mathematical Func-
tions with Formulas, Graphs, and Mathematical Tables. Dover Books on
Mathematics. Dover Publications, Inc., New York, NY, 1965.
✐✐
“ms” — 2020/5/20 — 1:09 — page 51 — #52
✐
✐
✐
✐
✐
✐
On hyperspherical associated Legendre functions 51
[21] G. Green. On the Motion of Waves in a Variable Canal of Small Depth
and Width. In John Smith, editor, Transactions of the Cambridge Philo-
sophical Society, volume 6, chapter 23, pages 457–462. Cambridge Uni-
versity Press, Cambridge, 1837.
[22] J. W. S. Rayleigh. XII. On the Propagation of Sound in Narrow Tubes
of Variable Section. The London, Edinburgh, and Dublin Philosophical
Magazine and Journal of Science, 31(182):89–96, feb 1916.
[23] A. R. Forsyth. Theory of Differential Equations, volume 1–6. Cambridge
University Press, Cambridge, 1890–1906.
[24] E. Kamke. Differentialgleichungen. Lösungsmethoden und Lösungen,
volume 1–2. Chelsea, New York, NY, 1942–1944.
[25] L. M. B. C. Campos and F. S. R. P. Cunha. On Hypersherical Legendre
Polynomials and Higher Dimensional Multipole Expansions. Journal of
Inequalities and Special Functions, 3(3):1–28, 2012.
CCTAE, IDMEC, LAETA, Instituto Superior Técnico, Universidade de
Lisboa,
Av. Rovisco Pais 1, 1049-001 Lisboa, Portugal
E-mail address: luis.campos@tecnico.ulisboa.pt
E-mail address: manuel.jose.dos.santos.silva@tecnico.ulisboa.pt
✐✐
“ms” — 2020/5/20 — 1:09 — page 52 — #53
✐
✐
✐
✐
✐
✐
